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TORUS MANIFOLDS AND NON-NEGATIVE CURVATURE
MICHAEL WIEMELER
Abstract. A torus manifold M is a 2n-dimensional orientable manifold with
an effective action of an n-dimensional torus such that MT 6= ∅. In this paper
we discuss the classification of torus manifolds which admit an invariant metric
of non-negative curvature. If M is a simply connected torus manifold which
admits such a metric, then M is diffeomorphic to a quotient of a free linear
torus action on a product of spheres. We also classify rationally elliptic torus
manifolds M with Hodd(M ;Z) = 0 up homeomorphism.
1. Introduction
The study of non-negatively curved manifolds has a long history in geometry.
In this note we discuss the classification of these manifolds in the context of torus
manifolds. A torus manifoldM is a 2n-dimensional closed orientable manifold with
an effective action of an n-dimensional torus T such that MT 6= ∅.
Recently Spindeler [23] proved the Bott-conjecture for simply connected torus
manifolds. This conjecture implies that a non-negatively curved manifold is ratio-
nally elliptic. Our first main result deals with rationally elliptic torus manifolds:
Theorem 1.1 (Theorem 4.1). Let M be a simply connected rationally elliptic torus
manifold with Hodd(M ;Z) = 0. Then M is homeomorphic to a quotient of a free
linear torus action on a product of spheres.
Our second main theorem is as follows.
Theorem 1.2 (Theorem 6.1). Let M be a simply connected non-negatively curved
torus manifold. Then M is equivariantly diffeomorphic to a quotient of a free linear
torus action on a product of spheres.
In the situation of the theorem the torus action on the quotientN/T ′ of a product
of spheres N =
∏
i<r S
2ni ×
∏
i≥r S
2ni+1 by a free linear action of a torus T ′ is
defined as follows. Let T be a maximal torus of
∏
i<r SO(2ni+1)×
∏
i≥r SO(2ni+
2). Then there is a natural linear action of T on N . Moreover, T ′ can be identified
with a subtorus of T . Therefore T/T ′ acts on N/T ′. If the dimension of T ′ is equal
to the number of odd-dimensional factors in the product N , then N/T ′ together
with the action of T/T ′ is a torus manifold.
We also show that the fundamental group of a non-simply connected torus man-
ifold of dimension 2n with an invariant metric of non-negative curvature is isomor-
phic to Zk2 with k ≤ n− 1. In particular, every such manifold is finitely covered by
a manifold as in Theorem 1.2.
Theorems 1.1 and 1.2 are already known in dimension four. As is well known
a simply connected rationally elliptic four-manifold is homeomorphic to S4, CP 2,
S2×S2, CP 2#CP 2 or CP 2#CP 2. Furthermore, a simply connected non-negatively
curved four-dimensional torus manifold is diffeomorphic to one of the manifolds in
the above list (see [11], [22], [16], [13]). Moreover, by [6] or [10], the T 2-actions on
these spaces are always equivalent to a torus action as described above.
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We should note here that it has been shown by Grove and Searle [12] that a
simply connected torus manifold which admits an invariant metric of positive cur-
vature is diffeomorphic to a sphere or a complex projective space. Moreover, it has
been shown by Gurvich in his thesis [14] that the orbit space of a rationally ellip-
tic quasitoric manifold is face-preserving homeomorphic to a product of simplices.
This condition on the orbit space is satisfied if and only if the quasitoric manifold
is a quotient of a free torus action on a product of odd-dimensional spheres.
In dimension six Theorem 1.1 follows from these results of Gurvich, the classifica-
tion of simply connected six dimensional torus manifolds with H3(M ;Z) = 0 given
by Kuroki [17] and a characterization of the cohomology rings of simply connected
six-dimensional rationally elliptic manifolds given by Herrmann [15].
In [12] (2n + 1)-dimensional positively curved manifolds with isometric actions
of an (n + 1)-dimensional manifolds were also classified. We expect that a result
similar to Theorem 1.2 holds for isometric actions of n + 1)-dimensional tori on
non-negatively curved 2n + 1-dimensional manifolds with one-dimensional orbits.
We will discuss the details of this in a subsequent paper.
We apply Theorem 1.1 to rigidity problems in toric topology. As a consequence
we get the following theorem:
Theorem 1.3 (Corollary 5.3). Let M be a simply connected torus manifold with
H∗(M ;Z) ∼= H∗(
∏
iCP
ni ;Z). Then M is homeomorphic to
∏
i CP
ni .
This theorem is a stronger version of a result of Petrie [21] related to his con-
jecture on circle actions on homotopy complex projective spaces. This conjecture
states that if f : M → CPn is a homotopy equivalence and S1 acts non-trivially
on the manifold M , then f∗(p(CPn)) = p(M), where p(M) denotes the total Pon-
trjagin class of M . Petrie showed that his conjecture holds if there is an action of
an n-dimensional torus on M . Moreover, the conjecture has been shown by Dessai
and Wilking [7] for the case that there is an effective action of a torus of dimen-
sion greater than n+14 on M . For more results related to this conjecture see the
references in [7].
The proof of Theorem 1.1 consists of two steps. In a first step we show that the
homeomorphism type of a simply connected torus manifold M , whose cohomology
with integer coefficients vanishes in odd degrees, depends only on the isomorphism
type of the face poset of M/T and the characteristic function of M . Then all
possible face posets of M/T under the condition that M is rationally elliptic are
determined. By the first step all such manifolds are homeomorphic to quotients
of the moment angle complex associated to these posets. As it turns out these
moment angle complexes are products of spheres.
The proof of Theorem 1.2 is based on the computations of the face posets from
above. With Spindeler’s results from [23] one can see that all faces of M/T are dif-
feomorphic after smoothing the corners to standard discs. When this is established,
generalizations of results from [25] imply the theorem.
This paper is organized as follows. In Section 2 we discuss results of Masuda and
Panov about torus manifolds with vanishing odd degree cohomology. In Section 3
we introduce a construction which simplifies the torus action on a torus manifold.
In Sections 4, 5 and 6 we prove Theorems 1.1, 1.3 and 1.2, respectively. In the last
Section 7 we discuss non-simply connected non-negatively curved torus manifolds.
I would like to thank Wolfgang Spindeler for sharing his results from [23]. I
would also like to thank Fernando Galaz-Garcia, Martin Kerin, Marco Radeschi
and Wilderich Tuschmann for comments on earlier versions of this paper. I would
also like to thank the anonymous referee for suggestions which helped to improve
the exposition of the article.
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2. Preliminaries
Before we prove our results, we review some results of Masuda and Panov [18]
about torus manifolds with vanishing odd degree cohomology.
They have shown that a smooth torus manifold M with Hodd(M ;Z) = 0 is
locally standard. This means that each point in M has an invariant neighborhood
which is weakly equivariantly homeomorphic to an open invariant subset of the
standard T n-representation on Cn. Moreover, the orbit space is a nice manifold
with corners such that all faces of M/T are acyclic [18, Theorem 9.3]. Here a
manifold with corners is called nice if each of its codimension-k faces is contained
in exactly k codimension-one faces. A codimension-one face of M/T is also called
a facet of M/T . Moreover, following Masuda and Panov, we count M/T itself as a
codimension-zero face of M/T .
The faces of M/T do not have to be contractible. But we show in Section 3 that
the action on M can be changed in such a way that all faces become contractible
without changing the face-poset of M/T . This new action might be non-smooth
(see Remark 3.5). But it always admits a canonical model over a topological nice
manifold with corners as described below.
For a facet F of Q =M/T denote by λ(F ) the isotropy group of a generic point
in π−1(F ), where π : M →M/T is the orbit map. Then λ(F ) is a circle subgroup
of T . Let
MQ(λ) = Q× T/ ∼,
where two points (xi, ti) ∈ Q× T , i = 1, 2, are identified if and only if x1 = x2 and
t1t
−1
2 is contained in the subtorus of T which is generated by the λ(F ) with x1 ∈ F .
There is a T -action on MQ(λ), induced by multiplication on the second factor in
Q× T . Then, by [18, Lemma 4.5], there is an equivariant homeomorphism
MQ(λ)→M.
For every map λ : {facets of Q} → {one-dimensional subtori of T } such that T
is isomorphic to λ(F1)× · · · × λ(Fn), whenever the intersection of F1 ∩ · · · ∩ Fn is
non-empty, the model MQ(λ) is a manifold.
The canonical model is equivariantly homeomorphic to a quotient of a free torus
action on the moment angle complex ZQ associated to Q. Here ZQ is defined as
follows:
ZQ = Q× TQ/ ∼ .
Here TQ is the torus S
1
1 × · · · × S
1
k, where k is the number of facets of Q. The
equivalence relation ∼ is defined as follows. Two points (qi, ti) ∈ Q × TQ are
identified if q1 = q2 and t1t
−1
2 ∈
∏
i∈S(q1)
S1i , where S(q1) is the set of those facets
of Q which contain q1.
The torus which acts freely on ZQ with quotient MQ(λ) is given by the kernel
of a homomorphism ψ : TQ → T , such that the restriction of ψ to S1i induces an
isomorphism S1i → λ(Fi).
Example 2.1. If Q = ∆n is an n-dimensional simplex, then TQ is an (n + 1)-
dimensional torus. Moreover, ZQ is equivariantly homeomorphic to S
2n+1 ⊂ Cn+1
with the standard linear torus action.
Example 2.2. If Q = Σn is the orbit space of the standard linear torus action
on S2n, then TQ is n-dimensional. Moreover, ZQ is equivariantly homeomorphic to
S2n ⊂ Cn ⊕ R with the standard linear torus action.
Example 2.3. Let Q1 and Q2 be two nice manifolds with corners. If Q = Q1×Q2,
then TQ ∼= TQ1 × TQ2 and ZQ is equivariantly homeomorphic to ZQ1 × ZQ2 .
4 MICHAEL WIEMELER
Now assume that M is a torus manifold with Hodd(M ;Q) = 0. This condition
is always satisfied if M is rationally elliptic because χ(M) = χ(MT ) > 0. Then the
torus action onM might not be locally standard andM/T might not be a manifold
with corners. But M/T still has a face-structure induced by its stratification by
connected orbit types. It is defined as in [2]. A k-dimensional face is a component
C of MT
n−k
/T such that the identity component of the isotropy group of a generic
point in C is equal to T n−k, where T n−k is a subtorus of codimension k in T . The
faces of M/T defined in this way have the following properties:
• It follows from localization in equivariant cohomology that the cohomology
of everyMT
n−k
is concentrated in even degrees. Therefore every component
of MT
n−k
contains a T -fixed point. This is equivalent to saying that each
face of M/T contains at least one vertex, i.e. a face of dimension zero.
• By an investigation of the local weights of the action, one sees that each
face ofM/T of codimension k is contained in exactly k faces of codimension
1.
• The vertex-edge-graph of each face is connected. (see [2, Proposition 2.5])
3. Simplifying torus actions
In this section we describe an operation on locally standard torus manifolds M
which simplifies the torus action onM . For this construction we need the following
two lemmas.
Lemma 3.1. LetM be a topological n-manifold with H∗(M ;Z) ∼= H∗(Sn;Z). Then
there is a contractible compact (n+1)-manifold X such that ∂X =M . Moreover, X
is unique up to homeomorphism relative M . In particular, every homeomorphism
of M extends to a homeomorphism of X.
Proof. For n ≤ 2, this follows from the classification of manifolds of dimension n.
If n = 3 then this follows from the proof of Corollary 9.3C and Corollary 11.1C of
[9]. For n ≥ 4 this follows from the proof of [9, Corollary 11.1]. 
Lemma 3.2. Let Q1, Q2 be two nice manifolds with corners of the same dimension
such that all faces of Qi, i = 1, 2, are contractible. If there is an isomorphism of
their face-posets φ : P(Q1) → P(Q2), then there is a face-preserving homeomor-
phism f : Q1 → Q2, such that, for each face F of Q1, f(F ) = φ(F ).
Proof. We construct f by induction on the n-skeleton of Q1. There is no problem
to define f on the 0-skeleton. Therefore assume that f is already defined on the
(n− 1)-skeleton.
Let F be a n-dimensional face of Q1. Then f restricts to an homeomorphism
∂F → ∂φ(F ). Because F and φ(F ) are contractible manifolds with boundary ∂F ,
f extends to a homeomorphism F → φ(F ). This completes the proof. 
Now let Q be a nice manifold with corners and F a face of Q of positive codi-
mension which is a homology disc. Let X be a homology disc with ∂X = ∂F . Then
X ∪∂F F is a homology sphere and therefore bounds a contractible manifold Y . We
equip Y with a face structure such that the facets of Y are given by F and X and
the lower dimensional faces coincide with the faces of F in ∂F = F ∩X . With this
face-structure X and F become nice manifolds with corners.
Let k = dimQ− dimF . Then define
SX,F = Y ×∆
k−1 ∪X×∆k−1 X ×∆
k.
Then F ′ = F ×∆k−1 is a facet of SX,F and we define
αX,F (Q) = Q− (F ×∆
k) ∪F ′ SX,F .
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Then αX,F (Q) is naturally a nice manifolds with corners.
Lemma 3.3. Let Q, F , X as above. If dimF ≥ 3 and all faces of Q of dimension
greater than dimF are contractible, then Q′ = αF,X(αX,F (Q)) and Q are face-
preserving homeomorphic.
Proof. It is clear from the construction above that P(Q′) and P(Q) are isomor-
phic. Moreover, the dimF -skeleta of Q and Q′ are face-preserving homeomorphic.
Therefore, by using Lemma 3.1, the statement follows by an induction as in the
proof of Lemma 3.2. 
If M is a locally standard torus manifold over Q, then we can construct a torus
manifold M ′ with orbit space αX,F (Q) as follows. Let T
k act on Y ′ = ∂(Y ×D2k)
(without the face-structure) by the standard action on the second factor. Choose
an isomorphism T ∼= T k × T n−k which maps λ(F ) to the first factor T k. If F˙
denotes F with a small collar of its boundary removed, then a small neighborhood
of π−1(F˙ ) is equivariantly homeomorphic to F˙ × T n−k ×D2k.
We define
βX,F (M) =M − (π
−1(F˙ )×D2k) ∪∂(F˙×D2k×Tn−k) (Y
′ − F˙ ×D2k)× T n−k.
Since Y ′ is the simply connected boundary of a contractible manifold, it is home-
omorphic to a sphere. Moreover, if F is contractible, then F˙ ×D2k is contractible
with simply connected boundary. Hence, it follows from Schoenflies’ Theorem that
F˙ ×D2k is a disc and that we may assume that F ×D2k is embedded in Y ′ as the
upper hemisphere. Therefore it follows that βX,F (M) is homeomorphic to M if F
is contractible.
Theorem 3.4. Let M be a simply connected torus manifold with Hodd(M ;Z) = 0.
Then M is determined by (P(M/T ), λ) up to homeomorphism.
Proof. The first step is to simplify the action on M in such a way that all faces F
of M/T become contractible. Then the statement will follow from Lemma 3.2 and
[18, Lemma 4.5].
At first assume that dimM ≤ 6. Then because π1(M) = 0 all faces of M/T are
contractible. Therefore the theorem follows in this case.
Next assume that dimM ≥ 8. Because M is simply connected, M/T is con-
tractible. We simplify the torus action on M by using the operations βX,F applied
by a downwards induction on the dimension of F beginning with the codimension
one faces. At first assume that dimF ≥ 3 and that all faces of dimension greater
than dimF are already contractible. Let X be a contractible manifold with bound-
ary ∂F . Then βF,X(βX,F (M)) is homeomorphic to βX,F (M). But by Lemma 3.3,
αF,X(αX,F (M/T )) is face-preserving homeomorphic to M/T . Therefore it follows
that βF,X(βX,F (M)) is homeomorphic to M . Hence, βX,F (M) is also homeomor-
phic to M .
If dimF ≤ 2, it follows from the classification of two- and one-dimensional
manifolds that there is nothing to do. 
Remark 3.5. Since not every three-dimensional homology sphere bounds a con-
tractible smooth manifold, the torus action on βX,F (M) might be non-smooth.
Therefore with our methods we cannot prove that the diffeomorphism type of M
is determined by (P(M/T ), λ).
Using results of Masuda and Panov [18] and the author’s methods from [24]
together with Theorem 3.4, one can prove the following partial generalization of
Theorem 2.2 of [24].
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Theorem 3.6. Let M and M ′ be simply connected torus manifolds of dimension
2n with H∗(M ;Z) and H∗(M ′;Z) generated in degree 2. Let m,m′ be the numbers
of characteristic submanifolds of M and M ′, respectively. Assume that m ≤ m′.
Furthermore, let u1, . . . , um ∈ H
2(M) be the Poincare´-duals of the characteristic
submanifolds of M and u′1, . . . , u
′
m′ ∈ H
2(M ′) the Poincare´-duals of the character-
istic submanifolds of M ′. If there is a ring isomorphism f : H∗(M)→ H∗(M ′) and
a permutation σ : {1, . . . ,m′} → {1, . . . ,m′} with f(ui) = ±u′σ(i), for i = 1, . . . ,m,
then M and M ′ are homeomorphic.
Here a characteristic submanifold of a torus manifold is a codimension-two-
submanifold which is fixed by some circle-subgroup of the torus and contains a
T -fixed point. Each characteristic submanifold is the preimage of some facet of
M/T under the orbit map.
In [21] Petrie proved that if an n-dimensional torus acts on a homotopy complex
projective space M of real dimension 2n, then the Pontrjagin classes of M are
standard. In fact a much stronger statement holds.
Corollary 3.7. Let M be a torus manifold which is homotopy equivalent to CPn.
Then M is homeomorphic to CPn.
Proof. By Corollary 7.8 of [18], the cohomology ring of M can be computed from
the face-poset of the orbit space. In particular all the Poincare´ duals of the char-
acteristic submanifolds of M are generators of H2(M ;Z). Now it follows from
Theorem 3.6 that M is homeomorphic to CPn. 
4. Rationally elliptic torus manifolds
In this section we prove the following theorem.
Theorem 4.1. Let M be a simply connected rationally elliptic torus manifold with
Hodd(M ;Z) = 0. Then M is homeomorphic to a quotient of a free linear torus
action on a product of spheres.
Since the proof of this theorem is very long we give a short outline of its proof.
Sketch of proof. In a first step (Lemma 4.2) we will show that each two-dimensional
face of the orbit space of M contains at most four vertices. Then we will show in
Proposition 4.5 that a nice manifold with corners Q, whose two-dimensional faces
contain at most four vertices and all of whose faces are acyclic, is combinatorially
equivalent to a product
∏
i<r Σ
ni ×
∏
i≥r∆
ni . Here Σn is the orbit space of the
linear T n-action on S2n and ∆n is the n-dimensional simplex.
When this is achieved Theorem 4.1 will follow from Theorem 3.4 and the struc-
ture results described in Section 2.
The proof of Proposition 4.5 is by induction on the dimension of Q. The case
dimQ = 2 is obvious. Therefore we may assume that n = dimQ > 2.
We consider a facet F of Q. By the induction hypothesis we know that there is
a combinatorial equivalence
(4.1) F ∼=
∏
i<r
Σni ×
∏
i≥r
∆ni .
The facets Gk of Q which meet F intersect F in a disjoint union of facets of F .
Since the facets of F are all of the form
F˜ ×
∏
i0 6=i<r
Σni ×
∏
i0 6=i≥r
∆ni ,
where F˜ is a facet of the i0-th factor in the product (4.1).
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Hence, it follows that each Gk “belongs” to a factor Γj(k) of the product (4.1).
There are seven cases of how the Gk which belong to the same factor can intersect.
We call four of these cases exceptional (these are the cases 1a, 1b, 2a and 3a in the
list in the proof of Proposition 4.5) and three of them generic (these are the cases
1c, 2b, 3b).
Depending on which cases occur we determine the combinatorial type of Q in
Lemmas 4.6, 4.7, 4.8 and 4.9. With these Lemmas we complete the proof of Propo-
sition 4.5.
The proofs of the above lemmas are again subdivided into several sublemmas. In
Sublemmas 4.10, 4.11, 4.12 and 4.13 we determine the combinatorial type of those
facets of Q which belong to a factor Γj0 where one of the exceptional cases occurs.
Then in Sublemma 4.14 we use this information and Lemma 4.4 to show that F
has at most one factor where one of the exceptional cases can appear. In Lemma 4.4
we show that a certain poset is not the poset of a nice manifold with corners with
only acyclic faces.
Assuming that one of the exceptional cases appears at the factor Γj0 of F the
combinatorial types of the Gk which do not belong to Γj0 are then determined
in Sublemma 4.15. With the information gained in this sublemma together with
the results from Sublemmas 4.10, 4.11, 4.12 and 4.13 we then can determine the
combinatorial type of Q for the case that at one factor of F one of the exceptional
cases occurs. This completes the proofs of Lemmas 4.6, 4.7 and 4.8.
So we are left with the case where no exceptional case appears at the factors
of F . For this case we determine in Sublemma 4.16 the combinatorial types of
the Gk. Moreover, in Sublemma 4.17 we show that there is exactly one facet H
of Q which does not meet F . We determine the combinatorial type of H in the
same sublemma. With the information on the combinatorial types of all facets of
Q we then can determine the combinatorial type of Q. This completes the proof of
Lemma 4.9. 
For the proof of Theorem 4.1 we need the following lemmas.
Lemma 4.2. Let M be a torus manifold with Hodd(M ;Q) = 0. Assume that M
admits an invariant metric of non-negative sectional curvature or M is rationally
elliptic. Then each two-dimensional face of M/T contains at most four vertices.
Proof. At first note that, by localization in equivariant cohomology, the odd-degree
cohomology of all fixed point components of all subtori of T vanishes.
A two-dimensional face F is the image of a fixed point component M1 of a
codimension-two subtorus of T under the orbit map. Therefore it follows from
the classification of four-dimensional T 2-manifolds given in [19] and [20] that the
orbit space is homeomorphic to a two-dimensional disk. If M admits an invariant
metric of non-negative sectional curvature, then the same holds for M1. Therefore
it follows from the argument in the proof of [11, Lemma 4.1] that there are at most
four vertices in F .
Now assume that M is rationally elliptic. Then, by [1, Corollary 3.3.11], the
minimal model M(M1) of M1 is elliptic. The number of vertices in F is equal to
the number of fixed points in M1. Since χ(M
T
1 ) = χ(M1), it is also equal to the
Euler-characteristic of M1. By [8, Theorem 32.6] and [8, Theorem 32.10], we have
4 ≥ 2 dimΠ2ψ(M1) = 2b2(M1).
Here Π2ψ(M1) denotes the second pseudo-dual rational homotopy group of M1.
Therefore, χ(M1) ≤ 4 and there are at most four vertices in F . 
8 MICHAEL WIEMELER
Remark 4.3. If M is a rationally elliptic torus manifold, then we always have
Hodd(M ;Q) = 0 since χ(M) = χ(MT ) > 0. Therefore Hodd(M ;Z) = 0 if and
only if H∗(M ;Z) is torsion-free.
Lemma 4.4. For n > 2, there is no n-dimensional nice manifold with corners
whose faces are all acyclic, such that each facet is combinatorially equivalent to an
(n−1)-dimensional cube and the intersection of any two facets has two components.
Proof. Assume that there is such a manifold Q with corners. Then the boundary of
Q is a homology sphere. Moreover by applying the construction α from Section 3
to Q we may assume that all faces of Q of codimension at least one are contractible.
Let Q′ = [−1, 1]n/Z2, where Z2 acts on [−1, 1]n by multiplication with −1 on
each factor. Then the boundary of Q′ is a real projective space of dimension n− 1.
Moreover, for each facet Fi of Q and each facet F
′
i of Q
′ there is an isomorphism
of face posets P(Fi)→ P(F ′i ) such that Fi ∩ Fj is mapped to F
′
i ∩ F
′
j .
Since there are automorphisms of P(Fi) which interchange the two components
of Fi∩Fj and leave the other facets of Fi unchanged, we can glue these isomorphisms
together to get an isomorphism of face posets
P(Q)→ P(Q′).
Since the faces of Q and Q′ of codimension at least one are contractible we obtain
a homeomorphism ∂Q → ∂Q′. This is a contradiction because ∂Q is a homology
sphere and ∂Q′ a projective space. 
Proposition 4.5. Let Q be a nice manifold with only acyclic faces such that each
two-dimensional face of Q has at most four vertices. Then P(Q) is isomorphic to
the face poset of a product
∏
iΣ
ni ×
∏
i∆
ni . Here Σm is the orbit space of the
linear Tm-action on S2m and ∆m is an m-dimensional simplex.
Proof. We prove this proposition by induction on the dimension of Q. If dimQ = 2,
there is nothing to show.
Therefore let us assume that dimQ > 2 and that all facets of Q are combinato-
rially equivalent to a product of Σni ’s and ∆ni ’s.
Let F be a facet of Q, such that F is combinatorially equivalent to
∏
i Γi, where
Γi = Σ
ni for i < r and Γi = ∆
ni for i ≥ r. We fix this facet F for the rest of this
section.
In the following we will denote Γ˜i = Σ
ni−1 and Γ¯i = Σ
ni+1 if i < r or Γ˜i = ∆
ni−1
and Γ¯i = ∆
ni+1 if i ≥ r.
Each facet of Q which meets F intersects F in a union of facets of F . Since
P(F ) ∼= P(
∏
i Γi), the facets of F are of the form
Fj ×
∏
i6=j
Γi,
where Fj is a facet of Γj . Therefore each facet Gk of Q which meets F “belongs”
to a factor Γj(k) of F , i.e.
F ∩Gk ∼=
∏
i6=j(k)
Γi × F˜k,
where F˜k is a union of facets of the j(k)-th factor Γj(k) in F .
If dimΓj = 1, then Γj is combinatorially equivalent to an interval. Hence, it
has two facets which do not intersect. Therefore in this case there are at most two
facets of Q which belong to Γj . If there is exactly one such facet Gk, then the
intersection F ∩ Gk has two components. Otherwise the intersections F ∩ Gk are
connected.
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If Γj = Σ
nj with nj > 1, then Γj has exactly nj facets. These facets have
pairwise non-trivial intersections. Therefore F ∩ Gk is connected if j(k) = j. And
there are exactly nj facets of Q which belong to Γj .
If Γj = ∆
nj with nj > 1, then Γj has exactly nj + 1 facets. These facets have
pairwise non-trivial intersections. Hence, F ∩Gk is connected if j(k) = j and there
are exactly nj + 1 facets of Q which belong to Γj .
Therefore there are the following cases:
(1) dimΓj = 1 and one of the following statements holds:
(a) There is exactly one facet Gk which belongs to Γj .
(b) There are exactly two facets Gk1 , Gk2 which belong to Γj and Gk1 ∩
Gk2 6= ∅.
(c) There are exactly two facets Gk1 , Gk2 which belong to Γj and Gk1 ∩
Gk2 = ∅.
(2) Γj ∼= Σnj with nj > 1 and one of the following statements holds:
(a) There are exactly nj facets Gk1 , . . . , Gknj which belong to Γj and the
union of those components of
⋂nj
i=1Gki which meet F is connected.
(b) There are exactly nj facets Gk1 , . . . , Gknj which belong to Γj and the
union of those components of
⋂nj
i=1Gki which meet F is not connected.
(3) Γj ∼= ∆nj with nj > 1 and one of the following statements holds:
(a) There are exactly nj + 1 facets Gk1 , . . . , Gknj+1 which belong to Γj
and
⋂nj+1
i=1 Gki 6= ∅.
(b) There are exactly nj + 1 facets Gk1 , . . . , Gknj+1 which belong to Γj
and
⋂nj+1
i=1 Gki = ∅.
The proof of the proposition will be completed by the following lemmas.
Lemma 4.6. If, in the above situation, there is a j0 such that
• Γj0 ∼= Σ
nj0 with nj0 > 1 and the union of those components of
⋂
k; j(k)=j0
Gk
which meet F is connected, or
• Γj0 ∼= ∆
nj0 with nj0 > 1 and
⋂
k; j(k)=j0
Gk 6= ∅,
i.e., one of the cases 2a and 3a appears at Γj0 , then there is an isomorphism of
face posets P(Q)→ P(Γ¯j0 ×
∏
i6=j0
Γi) which sends each Gk to a facet belonging to
the j(k)-th factor and F to a facet belonging to Γ¯j0 .
Lemma 4.7. If, in the above situation, there is a j0 such that dimΓj0 = 1 and
there is exactly one facet Gk0 which belongs to Γj0 , i.e., the case 1a appears at Γj0 ,
then there is an isomorphism of face posets P(Q)→ P(Σ2×
∏
i6=j0
Γi), which sends
each Gk to a facet belonging to the j(k)-th factor and F to a facet belonging to Σ
2.
Lemma 4.8. If, in the above situation, there is a j0 such that dimΓj0 = 1 and
there are exactly two facets Gk0 and Gk′0 which belong to Γj0 and Gk0 ∩ Gk′0 6= ∅,
i.e., the case 1b appears at Γj0 , then there is an isomorphism of face posets P(Q)→
P(∆2 ×
∏
i6=j0
Γi) which sends each Gk to a facet belonging to the j(k)-th factor
and F to a facet belonging to ∆2.
In particular, if one of the cases 1a, 1b, 2a and 3a appears at Γj0 , then at the
other Γj only the cases 1c, 2b and 3b can appear.
Lemma 4.9. If, in the above situation, at all factors Γj only the cases 1c, 2b and
3b appear, then there is an isomorphism of face posets P(Q)→ P(F × [0, 1]) which
sends each Gk to (Gk ∩ F )× [0, 1] and F to F × {0}.

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Now we prove by induction on the dimension of Q the lemmas from above. For
dimQ = 2, these lemmas are obvious. Therefore we may assume that n = dimQ >
2 and that all the lemmas are proved in dimensions less than n.
Sublemma 4.10. Assume that the case 2a appears at the factor Γj0 of F . Let Gk0
be a facet of Q which belongs to Γj0 . Then the following holds:
(1) The facets of Gk0 are given by the components of the intersections Gk∩Gk0
and F ∩Gk0 .
(2) Gk ∩Gk0 is connected if and only if F ∩Gk is connected.
(3) There is a combinatorial equivalence
P(Gk0)→ P(
∏
i
Γi),
such that F ∩Gk0 corresponds to a facet of the j0-th factor and the compo-
nents of Gk ∩Gk0 correspond to facets of the j(k)-th factor.
Proof. We consider the inclusion of F ∩ Gk0 →֒ Gk0 , where Gk0 is a facet of Q
which belongs to Γj0 . Then F ∩Gk0 is a facet of Gk0 and there is a combinatorial
equivalence
F ∩Gk0 ∼= Σ
nj0−1 ×
∏
i6=j0
Γi
such that each component ofGk0∩Gk∩F corresponds to a facet of the j(k)-th factor.
Moreover, the facets of Gk0 which meet F ∩Gk0 are given by those components of
the Gk ∩ Gk0 which meet F . Since the case 2a appears at the factor Γj0 of F it
follows that there is only one component of
⋂
k; j(k)=j0
Gk =
⋂
k; j(k)=j0
(Gk ∩Gk0)
which meets F . Therefore one of the cases 2a or 1a appears at the factor Σnj0−1
of F ∩Gk0 .
Hence, it follows from the induction hypothesis thatGk0 is combinatorially equiv-
alent to
∏
i Γi in such a way that the component of Gk0 ∩ Gk which meets F is
mapped to a facet which belongs to the j(k)-th factor and F ∩Gk0 is mapped to a
facet which belongs to the j0-th factor.
Since all facets of
∏
i Γi meet the facet which corresponds to F ∩Gk0 it follows
that each facet of Gk0 is a component of some intersection Gk ∩Gk0 .
Moreover, Gk ∩ Gk0 is connected for all k with nj(k) > 1 because for these
k the facets of the factor Γj(k) of Gk0 have pairwise non-trivial intersections. If
nj(k) = 1 and j(k) 6= j0, then Gk ∩Gk0 is disconnected if and only if Gk ∩Gk0 ∩ F
is disconnected because F ∩ Gk0 and the components of Gk ∩ Gk0 are facets of
different factors of Gk0
∼=
∏
i Γi. Since Gk and Gk0 belong to different factors of F ,
it follows that this last statement is true if and only if Gk ∩ F is disconnected. 
Sublemma 4.11. Assume that the case 3a appears at the factor Γj0 of F . Let Gk0
be a facet of Q which belongs to Γj0 . Then the following holds:
(1) The facets of Gk0 are given by the components of the intersections Gk∩Gk0
and F ∩Gk0 .
(2) Gk ∩Gk0 is connected if and only if F ∩Gk is connected.
(3) There is a combinatorial equivalence
P(Gk0)→ P(
∏
i
Γi),
such that F ∩Gk0 corresponds to a facet of the j0-th factor and the compo-
nents of Gk ∩Gk0 correspond to facets of the j(k)-th factor.
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Proof. We consider the inclusions of F ∩ Gk0 →֒ Gk0 where Gk0 is a facet which
belongs to Γj0 . Then F ∩ Gk0 is a facet of Gk0 and there is a combinatorial
equivalence
F ∩Gk0 ∼= ∆
nj0−1 ×
∏
i6=j0
Γi
such that each component of Gk0 ∩ Gk ∩ F corresponds to a facet of the j(k)-th
factor.
The facets ofGk0 which meet F∩Gk0 are given by the components Cki ofGk∩Gk0
which meet F . The induction hypothesis then implies that Gk0 is combinatorially
equivalent to one of the following spaces
(1) ∆nj0 ×
∏
i6=j0
Γi or
(2) Γ¯j1 × Γ˜j0 ×
∏
i6=j1,j0
Γi or
(3) [0, 1]× Γ˜j0 ×
∏
i6=j0
Γi
in such a way that the Cki with j(k) = j0 correspond to facets of the j0-th factor.
In particular, Gk ∩Gk0 = Ck1 is connected for all k with j(k) = j0.
Indeed, if nj0 > 2, then all facets of Γ˜j0 and Γj0 have pairwise non-trivial inter-
sections. Hence, Gk ∩Gk0 has only one component in this case.
If nj0 = 2, then Γ˜j0 has two facets. Moreover, the intersection of Gk0 with
another facet of Q which belongs to the factor Γj0 of F is a non-empty union of
facets of Γ˜j0 . Since besides Gk0 there are two other facets of Q which belong to
Γj0 , these intersections must be connected.
Since
⋂
k; j(k)=j0
(Gk ∩ Gk0) =
⋂
k; j(k)=j0
Gk 6= ∅, it follows from the induction
hypothesis that we are in case 1. In this case an isomorphism of P(Gk0)→ P(
∏
i Γi)
is induced by
F 7→ Hk0 Cki 7→ Hki,
where Hk0 is a facet of the j0-th factor in the product and the other Hki are facets
of the j(k)-th factor in the product.
Since all facets of
∏
i Γi meet the facet which corresponds to F ∩Gk0 , it follows
that all facets of Gk0 are components of intersections Gk ∩Gk0 .
Moreover, Gk∩Gk0 = Ck1 is connected for all k with nj(k) > 1 because all facets
of these Γj(k) have pairwise non-trivial intersection. If nj(k) = 1 and j(k) 6= j0, then
Gk ∩Gk0 is disconnected if and only if Gk ∩F is disconnected. This last statement
can be seen as in the proof of Sublemma 4.10. 
Sublemma 4.12. Assume that the case 1a appears at the factor Γj0 of F . Let Gk0
be the facet of Q which belongs to Γj0 . Then the following holds:
(1) The facets of Gk0 are given by the components of the intersections Gk∩Gk0
and F ∩Gk0 .
(2) Gk ∩Gk0 is connected if and only if F ∩Gk is connected.
(3) There is a combinatorial equivalence
P(Gk0)→ P(
∏
i
Γi),
such that F ∩Gk0 corresponds to a facet of the j0-th factor and the compo-
nents of Gk ∩Gk0 correspond to facets of the j(k)-th factor.
Proof. At first we describe the combinatorial type of Gk0 where Gk0 is the facet of
Q which belongs to Γj0 .
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We consider the inclusion of a component C of F ∩ Gk0 in Gk0 . Then C is a
facet of Gk0 and there is a combinatorial equivalence
C ∼=
∏
i6=j0
Γi
such that each component of Gk0 ∩ Gk ∩ C corresponds to a facet of the j(k)-th
factor.
Then the facets of Gk0 which meet C are given by the components Cki of Gk∩Gk0
which meet C. It follows from the induction hypothesis that Gk0 is combinatorially
equivalent to one of the following spaces:
(1) [0, 1]×
∏
i6=j0
Γi or
(2) Σnj1+1 ×
∏
i6=j0,j1
Γi or
(3) ∆nj1+1 ×
∏
i6=j0,j1
Γi,
such that each Cki corresponds to a facet of the j(k)-th factor and C corresponds
to a facet of the first factor. By the condition 1a, there is a facet of Gk0 which does
not meet C. This facet is the other component of the intersection F ∩Gk0 . Hence,
it follows that we are in case 1.
In this case an isomorphism of P(Gk0)→ P([0, 1]×
∏
i6=j0
Γi) is induced by
C 7→ Hk2 C
′ 7→ H ′k2 Cki 7→ Hki for j(k) 6= j0,
where Hki is a facet of the j(k)-th factor in the product, Hk2 and H
′
k2
are the facets
of the j0-th factor [0, 1] of the product and C
′ is the other component of F ∩Gk0 .
Since all facets of
∏
i Γi except the facet corresponding to C
′ meet the facet
corresponding to C, it follows that all facets of Gk0 are components of intersections
Gk ∩Gk0 .
As in the proof of Sublemma 4.10 one sees, moreover, that Gk ∩ Gk0 = Ck is
connected for all k with nj(k) > 1. If nj(k) = 1 and j(k) 6= j0, then Gk ∩ Gk0 is
disconnected if and only if Gk ∩ F is disconnected. 
Sublemma 4.13. Assume that the case 1b appears at the factor Γj0 of F . Let Gk0
be a facet of Q which belongs to Γj0 . Then the following holds:
(1) The facets of Gk0 are given by the components of the intersections Gk∩Gk0
and F ∩Gk0 .
(2) Gk ∩Gk0 is connected if and only if F ∩Gk is connected.
(3) There is a combinatorial equivalence
P(Gk0)→ P(
∏
i
Γi),
such that F ∩Gk0 corresponds to a facet of the j0-th factor and the compo-
nents of Gk ∩Gk0 correspond to facets of the j(k)-th factor.
Proof. Let Gk0 and Gk′0 be the two facets of Q, which belong to Γj0 .
Then the intersection Gk0 ∩Gk′0 is non-empty. Therefore Gk0 has a facet which
is not equal to F ∩Gk0 or a component of Gk ∩Gk0 with j(k) 6= j0. Therefore, as
in the proof of Sublemma 4.12, one sees that Gk1 is combinatorially equivalent to
[0, 1]×
∏
i6=j0
Γi.
The other statements of the Sublemma can be seen as in the proof of Sub-
lemma 4.10. 
Next we show that, if there is a factor Γj0 of F where one of the cases 1a, 1b, 2a
or 3a occurs, then at the other factors of F only the cases 1c, 2b or 3b can occur.
Sublemma 4.14. There is at most one factor Γj0 of F , where one of the cases 1a,
1b, 2a or 3a appears.
TORUS MANIFOLDS AND NON-NEGATIVE CURVATURE 13
Proof. Assume that one of the cases 2a and 3a occurs at the factor Γj0 of F and
one of the cases 1a, 1b, 2a and 3a appears at another factor Γj1 of F . Then we
consider the intersection Gk0 ∩Gk1 with j(k0) = j0 and j(k1) = j1. It follows from
the description of the combinatorial type of Gk0 given in the Sublemmas 4.10 and
4.11, that there is an isomorphism of posets
P(C)→ P(Γj0 × Γ˜j1 ×
∏
i6=j0,j1
Γi),
where C is a component of Gk1∩Gk0 such that F ∩Gk0∩Gk1 and the Gk∩Gk0∩Gk1 ,
j(k) = j0, correspond to the facets belonging to the factor Γj0 . Hence, it follows
that the intersection of Gk0 ∩Gk1 with
⋂
k; j(k)=j0
Gk is non-empty (or connected)
if case 3a (or 2a, respectively) appears at the factor Γj0 of F .
From the description of the combinatorial type of Gk1 given in Sublemmas 4.10,
4.11, 4.12 and 4.13 it follows that there is an isomorphism of posets
P(Gk0 ∩Gk1)→ P(Γ˜j0 × Γj1 ×
∏
i6=j0,j1
Γi),
such that the Gk ∩Gk0 ∩Gk1 , j(k) = j0, correspond to the facets belonging to the
factor Γ˜j0 . Hence, it follows that the intersection of Gk0 ∩Gk1 with
⋂
k; j(k)=j0
Gkj0
is empty (or non-connected) if case 3a (or 2a, respectively) appears at the factor
Γ˜j0 of F . Therefore we have a contradiction.
Next assume that at one factor Γj0 of F the case 1a appears and at another factor
Γj1 the case 1b appears. Then it follows from the description of the combinatorial
type of Gk0 given in Sublemma 4.12 that the intersection Gk0 ∩ Gk1 is connected.
Here Gk0 is the facet belonging to the factor Γj0 and Gk1 is a facet belonging
to the factor Γj1 . But the description of the combinatorial type of Gk1 given in
Sublemma 4.13 implies that this intersection is disconnected.
Next assume that the case 1b occurs at two factors Γj0 and Γj1 . Let Gk0 and
Gk′
0
be the facets belonging to Γj0 . Moreover, let Gk1 be a facet of Q belonging
to Γj1 . Then it follows from the description of the combinatorial type of Gk0 given
in Sublemma 4.13 that the intersection Gk0 ∩ Gk′0 ∩ Gk1 is non-empty. But from
the description of the combinatorial type of Gk1 it follows that this intersection is
empty.
Last we show that the case 1a occurs at at most one factor of F . Assume that
the case 1a appears at the factors Γj with j < s and not at the factors Γj with
j ≥ s. Then for each j ≥ s choose nj facets Gkj1 , . . . , Gkjnj of Q belonging to
that factor. Consider a component K of
⋂
j≥s
⋂nj
i=1Gkji which meets F . Since at
none of the factors Γj , j ≥ s, the cases 1a or 2a appear, the intersection F ∩ K
is connected. Therefore also the intersections Gk ∩K, j(k) < s are connected by
Sublemma 4.12.
By the description of the combinatorial type of the Gk given in Sublemma 4.12
the intersections Gk ∩K are combinatorially equivalent to cubes and have pairwise
non-connected intersection. Therefore it follows from Lemma 4.4, that K has di-
mension two. Hence it follows that s is two, i.e. there is only one factor of F where
the case 1a appears.
Therefore there is at most one factor Γj0 of F where one of the cases 1a, 1b, 2a
and 3a appears. 
Sublemma 4.15. Assume that one of the cases 1a, 1b, 2a or 3a appears at the
factor Γj0 of F . Let Gk1 be a facet of Q which meets F and belongs to Γj1 with
j1 6= j0. Then the following holds:
(1) The facets of Gk1 are given by the components of the intersections Gk∩Gk1 .
(2) Gk1 ∩Gk is disconnected if and only if Γj1 = Σ
2 and j(k) = j(k1) = j1.
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(3) There is a combinatorial equivalence
Gk1
∼= Γ¯j0 × Γ˜j1 ×
∏
i6=j0,j1
Γi,
such that F ∩Gk1 corresponds to a facet of the j0-th factor and the Gk∩Gk1
correspond to disjoint unions of facets of the j(k)-th factor.
Proof. We consider the inclusion F ∩ Gk1 →֒ Gk1 . F ∩ Gk1 is a facet of Gk1 and
there is a combinatorial equivalence
Gk1 ∩ F
∼= Γ˜j1 ×
∏
i6=j1
Γi
such that each component of Gk ∩ Gk1 ∩ F corresponds to a facet of the j(k)-th
factor. Moreover, the facets of Gk1 which meet Gk1∩F are given by the components
Cki of Gk ∩Gk1 which meet Gk1 ∩ F .
If j(k) = j0, then Gk ∩ F and F ∩Gk1 are facets of different factors of F . Since
Gk ∩Gk0 and Gk0 ∩Gk1 are facets of different factors of Gk0 ∼=
∏
i Γi and because
F ∩ Gk0 is a facet of the j0-th factor of Gk0 , it follows from Sublemma 4.11 that⋂
k; j(k)=j0
(Gk ∩Gk1) 6= ∅ if the case 3a appears at the factor Γj0 of F .
Furthermore, by the same argument
⋂
k; j(k)=j0
(Gk ∩ Gk1) 6= ∅ is connected if
the case 2a appears at the factor Γj0 of F . Here one uses Sublemma 4.10.
If the case 1a appears at the factor Γj0 one can argue as follows. It follows from
the description of the combinatorial type ofGk0 , j(k0) = j0, given in Sublemma 4.12
that Gk0 ∩ Gk1 is connected. Moreover, it follows from the same description that
Gk0 ∩Gk1 ∩ F has two components.
Therefore the case 1a also appears at the factor Γj0 of Gk1 ∩ F .
If the case 1b appears at the factor Γj0 , then it follows from the combinatorial
description of the Gk with j(k) = j0 given in Sublemma 4.13 that for these k the
intersection ofGk with Gk1 is connected. Moreover, the intersection
⋂
k; j(k)=j0
Gk∩
Gk1 is non-empty. Therefore the case 1b appears at the factor Γj0 of Gk1 ∩ F .
Hence, the case which appears for the factor Γj0 of F also appears at the factor
Γj0 of Gk1 ∩F . Therefore from the induction hypothesis we get an isomorphism of
posets
P(Gk1)→ P(Γ¯j0 × Γ˜j1 ×
∏
i6=j0,j1
Σni ×
∏
i6=j0j1
∆ni),
such that Gk1 ∩F is mapped to a facet of the j0-th factor and Cki to a facet of the
j(k)-th factor. Here Cki is a compoenent of Gk ∩Gk1 .
Since all pairs of facets of Γ¯j0 have non-trivial intersection, all facets of Gk1 meet
Gk1 ∩ F . Moreover, it follows that Gk ∩Gk1 is connected if j(k) 6= j1 or Γj1 6= Σ
2.
Otherwise this intersection has two components.
Indeed, if j(k2) 6= j1, j0, then it follows from the description of the combinatorial
type of F that F ∩Gk1 ∩Gk2 = (F ∩Gk1 ) ∩ (F ∩Gk2) is connected. Because Gk2
and F belong to different factors of Gk1 it follows that Gk2 ∩Gk1 is connected.
Next assume that j(k2) = j1 and dimΓj1 ≥ 3. Then all pairs of facets of Γ˜j1
have non-trivial intersections. Therefore Gk2 ∩Gk1 is connected in this case.
Assume now that Γj1 = ∆
2. Then besides Gk1 there are two other facets of
Q which belong to Γj1 . These two facets have non-trivial intersections with Gk1 .
Moreover, the components of these intersections are facets of the factor Γ˜j1 of Gk1 .
Since Γ˜j1 has two facets, the intersections Gk2 ∩Gk1 with j(k2) = j1 are connected.
Next assume that Γj1 = Σ
2. Then besides Gk1 there is exactly one other facet
Gk2 of Q which belongs to Γj1 . Moreover, F ∩Gk2∩Gk1 has two components. Since
F ∩Gk1 and the components of Gk2 ∩Gk1 are facets of different factors of Gk1 . It
follows that Gk2 ∩Gk1 has two components.
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At last assume that dimΓj1 = 1. Then since F ∩ Gk1 is connected. There is
another facet Gk2 of Q which belongs to Γj1 . Since F ∩Gk1 ∩Gk2 is empty and all
facets of Gk1 meet F ∩Gk1 it follows that Gk1 ∩Gk2 is empty. 
Now we can prove the Lemmas 4.6, 4.7, and 4.8.
Proof of Lemmas 4.6, 4.7 and 4.8. For j 6= j0, let n˜j = nj and n˜j0 = nj0 + 1.
Moreover, let G0 = F and j(0) = j0. Let P =
∏
i<r Σ
n˜i ×
∏
i≥r∆
n˜i . Denote by
Hk the facets of P . We have shown in Sublemmas 4.10, 4.11, 4.12, 4.13 and 4.15
that there are isomorphisms of posets
P(Gk)→ P(Hk)
such that (Gk ∩Gk′ ) 7→ (Hk ∩Hk′ ) where Hk and Hk′ are facets of the j(k)-th and
j(k′)-th factor of P , respectively.
If
⋂
k∈K Hk 6= ∅, then this intersection has 2
m components, where m is the
number of j1’s with j1 < r and K ⊃ Ij1 = {k; j(k) = j1}. If K = Ij1 as above,
then
⋂
k∈K Hk has two components C1 and C2. Moreover, there is an automorphism
of P(P ), which interchanges C1 and C2 and fixes all faces of P not contained in
C1 ∪ C2. Therefore, after composing some of the isomorphisms P(Gk) → P(Hk)
with these automorphisms if necessary, we can extend these isomorphisms to an
isomorphism
P(Q)→ P(P ),
with Gk 7→ Hk. This completes the proof of the lemmas. 
For the proof of Lemma 4.9 we need two more sublemmas.
Sublemma 4.16. Assume that we are in the situation of Lemma 4.9. Let Gk0 be a
facet of Q belonging to the factor Γj0 of F . Then there is a combinatorial equivalence
P(Gk0)→ P((F ∩Gk0 )× [0, 1]) which sends each Gk∩Gk0 to (F ∩Gk0 ∩Gk)× [0, 1]
and F ∩Gk0 to (F ∩Gk0)× {0}.
Proof. We consider the inclusion F ∩ Gk0 →֒ Gk0 . Then F ∩ Gk0 is a facet of Gk0
and there is a combinatorial equivalence
F ∩Gk0 ∼= Γ˜j0 ×
∏
i6=j0
Γi
such that each component of Gk0 ∩ Gk ∩ F corresponds to a facet of the j(k)-th
factor. The facets of Gk0 which meet F ∩ Gk0 are given by the components of
Gk0 ∩Gk which meet F . We show that if one of the cases 1c, 2b and 3b appears at
the factor Γj of F then the same holds for the factor Γj of F ∩Gk0 . If one of the
cases 1c and 3b appears this is clear because⋂
k; j(k)=j
(Gk ∩Gk0) ⊂
⋂
k; j(k)=j
Gk = ∅.
Therefore assume that case 2b occurs at Γj .
At first assume that j(k) = j0 and nj = 2. Then there is only one Gk which
belongs to Γj0 and is not equal to Gk0 . The intersection of Gk and Gk0 has two
components which meet F because Gk∩Gk0 ∩F has two components and the union
of those components of Gk ∩Gk0 which meet F is disconnected. Therefore we have
that case 1c appears at the factor Γ˜j0 of F ∩Gk0 .
Next assume that j(k) = j 6= j0 or nj0 > 2. Then there is only one compo-
nent Bk of Gk0 ∩ Gk which meets F because Gk0 ∩ Gk ∩ F is connected. Clearly⋂
k; j(k)=j Bk is contained in
⋂
k; j(k)=j Gk∩Gk0 . By dimension reasons
⋂
k; j(k)=j Bk
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is a union of components of
⋂
k; j(k)=j Gk ∩ Gk0 . In fact, the union of those com-
ponents of
⋂
k; j(k)=j Bk which meet F is equal to the union of those components
of
⋂
k; j(k)=j Gk ∩Gk0 which meet F .
Since every component of
⋂
k; j(k)=j Gk ∩ F contains exactly one component of⋂
k; j(k)=j Gk ∩Gk0 ∩F , each component of
⋂
k; j(k)=j Gk which meets F contains a
component of
⋂
k; j(k)=j Bk which meets F . Because the union of those components
of
⋂
k; j(k)=j Gk which meet F is disconnected, the same holds for the union of those
components of
⋂
k; j(k)=j Bk which meet F . Hence, the case 2b appears at the factor
Γj of F ∩Gk0 .
Therefore it follows from the induction hypotheses that there is an isomorphism
of posets P(Gk0)→ P((F ∩Gk0)× [0, 1]), such that F is mapped to (F ∩Gk0)×{0}
and the component C of Gk0 ∩Gk which meets F is mapped to (F ∩C)× [0, 1]. In
particular, all components of Gk0 ∩Gk meet F . 
Sublemma 4.17. In the situation of Lemma 4.9, there is exactly one facet H of
Q which does not meet F . Moreover, the following holds:
(1) Under the isomorphism constructed in the previous sublemma, Gk0 ∩ H
corresponds to (F ∩Gk0 )× {1}.
(2) P(H) ∼= P(F ).
Proof. Let Hk0 be the facet of Q which intersects Gk0 in the facet of Gk0 which
corresponds to (F ∩ Gk0 ) × {1}. If q is a vertex of Gk0 corresponding to (p, 1),
where p is a vertex of F ∩ Gk0 , then Hk0 is the facet of Q which is perpendicular
to the edge of Gk0 which corresponds to {p}× [0, 1]. We claim that all Hk0 are the
same.
If j1 6= j2, then the intersection of Gk1 ∩ F and Gk2 ∩ F , where j(k1) = j1 and
j(k2) = j2, is non-empty. If j1 = j2 and dimGk1 ∩ F = dimGk2 ∩ F > 0, there is
a Gk′ such that Gk′ ∩ Gki ∩ F 6= ∅ for i = 1, 2. Hence, in these cases Hk1 = Hk2
because there is a vertex in Gk1 ∩ Gk2 ∩ F . Since dimQ > 2, F cannot be an
interval. Hence, it follows that all Hk are equal, so that we can drop the indices.
Since the vertex-edge-graph of H is connected, every face of Q contains at least one
vertex and each vertex is contained in exactly n− 1 facets of H , it follows that the
facets of H are given by the Gk ∩H .
Indeed, if there is another facet of H , then it contains a vertex v of H . Since the
vertex-edge-graph of H is connected, we may assume that v is connected by an edge
to a vertex v′ ∈ Gk ∩H . It follows from the description of the combinatorial type
of Gk that v
′ is contained in n− 1 facets of H of the form Gk′ ∩H . Therefore each
edge which meets v′ is contained in a facet of the form Gk′ ∩ H . Hence, v ∈ Gk′ .
Therefore it follows from the description of the combinatorial type of Gk′ that all
facets of H which contain v are of the form Gk′′ ∩H . This is a contradiction to the
assumption that v is contained in a facet which is not of this form.
Therefore there is an isomorphism of posets φ : P(F )→ P(H), such that φ(CK∩
F ) = CK ∩ H . Here CK is a component of the intersection
⋂
k∈K Gk. Since the
vertex-edge-graph of Q is connected, every face of Q contains at least one vertex
and each vertex is contained in exactly n facets, F , H , Gk is a complete list of
facets of Q. 
Proof of Lemma 4.9. It follows from Sublemmas 4.16 and 4.17 that the face posets
of Q and F × [0, 1] are isomorphic. An isomorphism is given by
CK 7→ (CK ∩ F )× [0, 1] (F ∩ CK) 7→ (F ∩ CK)× {0}
(H ∩ CK) 7→ (F ∩ CK)× {1}.
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Here CK is a component of the intersection
⋂
k∈K Gk. Therefore the sublemma is
proved. 
Proof of Theorem 4.1. It follows from Lemmas 4.2 and 4.5 that M/T is combina-
torially equivalent to P =
∏
i<r Σ
ni ×
∏
i≥r∆
ni . Therefore, by Theorem 3.4, M
is homeomorphic to a torus manifold M ′ over P . The manifold M ′ can be con-
structed as the model MP (λ), where λ is the characteristic map of M . Now M
′
is the quotient of a free torus action on the moment angle complex ZP associated
to P . But ZP is equivariantly homeomorphic to a product of spheres with linear
torus action. Therefore the theorem is proved. 
5. Applications to rigidity problems in toric topology
A torus manifold M is called quasitoric if it is locally standard and M/T is face-
preserving homeomorphic to a simple convex polytope. In toric topology there are
two notions of rigidity one for simple polytopes and one for quasitoric manifolds.
These are:
Definition 5.1. Let M be a quasitoric manifold over the polytope P .
• M is called rigid if any other quasitoric manifold N with H∗(N ;Z) ∼=
H∗(M ;Z) is homeomorphic to M .
• P is called rigid if any other simple polytope Q, such that it exists a qu-
asitoric manifold N over Q and a quasitoric manifold M ′ over P with
H∗(N ;Z) ∼= H∗(M ′;Z), is combinatorially equivalent to P .
It has been shown by Choi, Panov and Suh [3] that a product of simplices is
a rigid polytope. As a consequence of Theorem 4.1 we have the following partial
generalization of their result.
Theorem 5.2. Let M1 and M2 be two simply connected torus manifolds with
H∗(M1;Q) ∼= H∗(M2;Q) and Hodd(Mi;Z) = 0. Assume that P(M1/T ) is iso-
morphic to P(
∏
i Σ
ni ×
∏
i∆
ni). Then the face posets of the orbit spaces of M1
and M2 are isomorphic.
Proof. By Theorem 3.4, M1 is homeomorphic to a quotient of a free linear torus
action on a product of spheres. Since the cohomology of such a quotient is in-
trinsically formal, M1 and M2 are rationally homotopy equivalent and rationally
elliptic.
Therefore both M1 and M2 are homeomorphic to quotients of free torus actions
on products of spheres Si, i = 1, 2, where the dimension of the acting torus Ti is
equal to the number of odd dimensional spheres in the product. Moreover, each
factor in these products has at least dimension 3. And each factor in Si corre-
sponds to a factor of the face-poset of Mi/T which is combinatorially equivalent to∏
j Σ
nji ×
∏
j ∆
nji . Therefore we have
dim π2(Mi)⊗Q = dimTi dimπ2(Si)⊗Q = 0
dimπj(Mi)⊗Q = dimπj(Si)⊗Q
for i = 1, 2 and j > 2. Since two products of spheres have the same rational
homotopy groups if and only if they have the same number of factors of each
dimension, it follows that the face posets of M1 and M2 are isomorphic. 
It is known that
∏
iCP
ni , is rigid among quasitoric manifolds (see [4] and the
references therein). The next corollary shows that
∏
iCP
ni is rigid among simply
connected torus manifolds.
Corollary 5.3. Let M be a simply connected torus manifold with H∗(M ;Z) ∼=
H∗(
∏
iCP
ni ;Z). Then M is homeomorphic to
∏
i CP
ni .
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Proof. By Theorem 5.2, we know that P(M/T ) is isomorphic to P(
∏
i∆
ni). De-
note by λ the characteristic function of M . Then from a canonical model we can
construct a quasitoric manifold M1 over
∏
i∆
ni with characteristic function λ. By
Theorem 3.4, M and M1 are homeomorphic. Moreover, by Corollary 1.3 of [4], M1
is homeomorphic to
∏
iCP
ni . Therefore the corollary follows. 
6. Non-negatively curved torus manifolds
In this section we prove the following:
Theorem 6.1. Let M be a simply connected non-negatively curved torus manifold.
Then M is equivariantly diffeomorphic to a quotient of a free linear torus action
on a product of spheres.
For the proof of this theorem we need the following result of Spindeler.
Theorem 6.2 ([23, Theorem 3.28 and Lemma 3.30]). Let M be a closed non-
negatively curved fixed point homogeneous Riemannian manifold. Then for every
maximal fixed point component F there exists a smooth invariant submanifold N ⊂
M such that M decomposes as the union of the normal disc bundles of N and F :
(6.1) M ∼= D(F ) ∪E D(N).
Here E = ∂D(F ) ∼= ∂D(N). Further N is invariant under the group U = {f ∈
Iso(M); f(F ) = F}. Moreover, the decomposition (6.1) is U -equivariant with
respect to the natural action of U on D(F ), D(N) and M .
Here a Riemannian G-manifold is called fixed point homogeneous if there is a
component F of MG, such that, for every x ∈ F , G acts transitively on the normal
sphere S(Nx(F,M)). Such a component F is called maximal component of M
G.
The above mentioned natural U -actions on the normal disc bundles are given by
the restrictions of the natural actions on the normal bundles given by differentiating
the original action on M .
Now let M be a torus manifold and F ⊂M a characteristic submanifold. Then
M is naturally a fixed point homogeneous manifold with respect to the λ(F )-action
on M . Moreover, the torus T is contained in the group U from the above theorem.
In this situation we have the following lemma.
Lemma 6.3. Let M be a simply connected torus manifold with an invariant metric
of non-negative curvature. Then M is locally standard and M/T and all its faces
are diffeomorphic (after-smoothing the corners) to standard discs Dk. Moreover,
Hodd(M ;Z) = 0.
Proof. We prove this lemma by induction on the dimension ofM . If 2n = dimM ≤
2, then this is obvious. Therefore assume that dimM ≥ 4 and that the lemma is
proved in all dimensions less than dimM .
By Theorem 6.2, we have a decomposition
M = D(N) ∪E D(F ),
where F is a characteristic submanifold of M and E the S1-bundle associated to
the normal bundle of F . Spindeler proved that codimN ≥ 2 and π1(F ) = 0 if
M is simply connected [23, Lemma 3.29 and Theorem 3.35] (see also the proof of
Lemma 7.1 below).
Since F is totally geodesic in M , it admits an invariant metric of non-negative
curvature.
It follows from the exact homotopy sequence for the fibration πF : E → F that
π1(E) is cyclic and generated by the inclusion of a fiber of πF .
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The circle subgroup λ(F ) of T , which fixes F , acts freely on E by multiplication
on the fibers of πF . It follows from the exact homotopy sequence for the fibration
πN : E → N , that π1(N) is generated by the curve
γ0 : S
1 = λ(F )→ N, z 7→ zx0,
where x0 ∈ N is any base point of N .
Let x ∈ F be a T -fixed point. Then, since the T -action on M is effective, up to
an automorphism of T , the T -representation on the tangent space at x is given by
the standard representation on Cn. Therefore T decomposes as T ∼= (S1)n, where
each S1-factor acts non-trivially on exactly one factor of TxM ∼= Cn. It acts on this
factor by complex multiplication. Since λ(F ) acts trivially on TxF ⊂ TxM , λ(F )
is equal to one of these S1-factors.
Let T ′ be the product of the other factors. Then the fiber of πF over x is a
T -orbit of type T/T ′.
Then there are two cases:
(1) dimπN (π
−1
F (x)) = 0
(2) dimπN (π
−1
F (x)) = 1
In the first case πN (π
−1
F (x)) is a T -fixed point x¯1 in N . Because N is T -invariant,
it follows from an investigation of the T -representation Tx¯1M that N is a fixed point
component of some subtorus T ′′ of T with 2 dimT ′′ = codimN . Therefore N is
a torus manifold. Since N is totally geodesic in M it follows that the induced
metric on N has non-negative curvature. Moreover N is simply connected since
γ0 is constant for x0 = x¯1. Hence, it follows from the induction hypothesis that
N is locally standard and N/T is diffeomorphic after smoothing the corners to a
standard disc. Hence it follows that the T -actions on D(N) and D(F ) are locally
standard and
D(N)/T ∼= N/T ×∆k ∼= Dn,
D(F )/T ∼= F/T × I ∼= Dn.
Since E/T ∼= F/T is also diffeomorphic to a disc, it follows that M/T is diffeomor-
phic to a standard disc. In particular, ∂M/T is connected.
Note that by the above arguments all characteristic submanifolds ofM are simply
connected and admit an invariant metric of non-negative curvature. Therefore from
the induction hypothesis, we know that if a facet F˜ of M/T contains a vertex, then
all faces contained in F˜ are diffeomorphic after smoothing the corners to standard
discs. In particular each such face contains a vertex.
Since ∂M/T is connected, it follows that every facet F˜ of M/T contains a ver-
tex. Because each proper face of M/T is contained in a facet, it follows that all
faces of M/T are diffeomorphic to standard discs. By [18, Theorem 2], we have
Hodd(M ;Z) = 0. Hence, the lemma follows in this case.
In the second case πN (π
−1
F (x))) is a one-dimensional orbit. Moreover, π
−1
F (x) is
an orbit of type T/T ′. Since the T -action on M is effective and T ′ is a subtorus of
T of codimension one, it follows from dimension reasons and the slice theorem that
there is an invariant neighborhood of π−1F (x) which is equivariantly diffeomorphic
to
(6.2) λ(F ) × Cn−1 × R,
where Cn−1 is a faithful T ′-representation and R is a trivial representation. Since
E has an invariant collar in D(F ) and D(N), the R-factor is normal to E.
Since πN is a equivariant, πN (π
−1
F (x))) is an orbit of type T/(H0 × T
′), where
H0 is a finite subgroup of λ(F ).
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By an argument similar to the argument given above for π−1F (x), πN (π
−1
F (x)))
has an invariant neighborhood in M which is diffeomorphic to
(6.3) λ(F )×H0 C
n−1 × R,
where T ′ acts effectively on Cn−1 and the H0-action on C
n−1 × R commutes with
the T ′-action. Moreover, the factor R is normal to N because the R-factor in (6.2)
is normal to E and πN is an equivariant submersion.
The restriction of the tangent bundle of N to the orbit πN (π
−1
F (x))
∼= λ(F )/H0
is an invariant subbundle of the restriction of the tangent bundle ofM to this orbit.
The latter is isomorphic to λ(F ) ×H0 C
n−1 × R.
Because T ′ has dimension n − 1 and acts effectively on Cn−1, the invariant
subvector bundles of this bundle are all of the form
λ(F )×H0 C
k × Rl,
with 0 ≤ k ≤ n− 1 and l = 0, 1. Since the R-factor is normal to N and M has even
dimension, it follows that N has odd dimension.
Claim: λ(F ) acts freely on N .
Assume that there is an H ⊂ λ(F ), H 6= {1}, such that H has a fixed point
x2 ∈ N . We may assume that H has order equal to a prime p. Then H acts
freely on the fiber of πN over x2. This fiber is diffeomorphic to S
2k. Since 2 =
χ(S2k) ≡ χ((S2k)H) mod p, it follows that p = 2. In this case the restriction of E
to the orbit λ(F )x2 is a non-orientable sphere bundle. Hence N is not orientable.
Therefore π1(N) has even order.
Let
γ1 : [0,
1
2
]→ N, y 7→ exp(i2πy)x2.
Then γ0 is homotopic to 2γ1. Since π1(N) is cyclic and generated by γ0, it follows
that
[γ0] = 2[γ1] = 2k[γ0],
for some k ∈ Z. Hence, 0 = (2k − 1)[γ0], which implies that π1(N) is of odd order.
This gives a contradiction. Therefore λ(F ) acts freely on N . In particular H0 is
trivial.
Now it follows from (6.3), that N/λ(F ) is a torus manifold with π1(N/λ(F )) = 0.
Hence, N is orientable, because the stable tangent bundle of N is isomorphic to
the pullback of the stable tangent bundle of N/λ(F ). Moreover, by (6.3), N is a
codimension-one submanifold of a fixed point component N ′ of a subtorus T ′′ ⊂ T
with 2 dimT ′′ = codimN ′. The normal bundle of N ′ in M splits as a sum of
complex line bundles. Therefore N ′ is orientable and the normal bundle of N in
N ′ is trivial. Hence, the structure group of the normal bundle of N in M (and also
of E → N) is given by T ′′.
Let T ′′′ be a complimentary subtorus of T to T ′′ with T ′′′ ⊃ λ(F ). The T -
action on E can be described as follows. T ′′ acts linearly on the sphere S2k with
2k = codimN − 1. Let P be the principal T ′′-bundle associated to E → N . Then
we have
E ∼= P ×T ′′ S
2k.
The T ′′′-action on N lifts to an action on P . Together with the T ′′-action on S2k
this action induces the T -action on E.
Let H ⊂ T ′′′/λ(F ) be the isotropy group of some point y ∈ N/λ(F ). Then
H acts on the fiber of E/λ(F ) over y via a homomorphism φ : H → T ′′. This
φ depends only on the component of (N/λ(F ))H which contains y. Since H ′ =
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graphφ−1 ⊂ T ′′ × T ′′′/λ(F ) acts trivially on the fiber of E/λ(F ) → N/λ(F ) over
y, it follows that
codim(N/λ(F ))H = codim(E/λ(F ))H
′
and that H ′ is the isotropy group of generic points in the fiber over y. Since E/λ(F )
is equivariantly diffeomorphic to F and F is locally standard by the induction hy-
pothesis, it follows that H is a torus and 2 dimH = codim(N/λ(F ))H . Therefore
N/λ(F ) is locally standard. Hence it follows that M is locally standard in a neigh-
borhood of N . Since M is also locally standard in a neighborhood of F , it follows
that M is locally standard everywhere.
Now we have the following sequence of diffeomorphisms
Dn−1 ∼= F/T ∼= E/T = (E/T ′′)/T ′′′ = (P ×T ′′ (Σ
k))/T ′′′
= N/T ′′′ × Σk ∼= N/T ′′′ ×Dk.
Hence there is a diffeomorphism Dn ∼= N/T ′′′×Dk+1 ∼= N/T ′′′×Σk+1 ∼= D(N)/T .
Now the statement follows as in the first case. 
For the proof of Theorem 6.1 we need some more preparation.
Lemma 6.4. Let Q be a nice manifold with corners such that all faces of Q are
diffeomorphic (after smoothing the corners) to standard discs. Then the diffeomor-
phism type of Q is uniquely determined by P(Q).
Proof. This follows directly from results of Davis [5, Theorem 4.2]. 
In analogy to line shellings for polytopes we define shellings for nice manifolds
with corners.
Definition 6.5. Let Q be a nice manifold with corners such that all faces of Q are
contractible. An ordering F1, . . . , Fs of the facets of Q is called a shelling if
(1) F1 has a shelling.
(2) For 1 < j ≤ s, Fj ∩
⋃j−1
i=1 Fi is the beginning of a shelling of Fj , i.e.
Fj ∩
j−1⋃
i=1
Fi = G1 ∪ · · · ∪Gr
for some shelling G1, . . . , Gr, . . . , Gt of Fj .
(3) If j < s, then
⋃j
i=1 Fi is contractible.
Q is called shellable if it has a shelling.
Example 6.6. ∆n and Σn are shellable and any ordering of their facets is a shelling.
This follows by induction on the dimension n because the intersection of any facet
Fj with a facet Fi with i < j is a facet of Fj .
Lemma 6.7. Let Q1 and Q2 be two nice manifolds with corners such that all faces
of Q1 and Q2 are contractible. If F1, . . . , Fs and G1, . . . , Gr are shellings of Q1 and
Q2, respectively, then
F1 ×Q2, . . . , Fs−1 ×Q2, Q1 ×G1, . . . , Q1 ×Gr, Fs ×Q2
is a shelling of Q1 ×Q2.
Proof. We prove this lemma by induction on the dimension ofQ1×Q2. For dimQ1×
Q2 = 0 there is nothing to show. Therefore assume that dimQ1 ×Q2 > 0 and the
lemma is proved for all products Q˜1 × Q˜2 of dimension less than dimQ1 ×Q2.
(1) It follows from the induction hypothesis that F1 ×Q2 has a shelling.
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(2) For j ≤ s− 1, we have
(6.4) (Fj ×Q2) ∩
j−1⋃
i=1
(Fi ×Q2) = (Fj ∩
j−1⋃
i=1
Fi)×Q2.
Because
⋃j
i=1 Fi is contractible, Fj ∩
⋃j−1
i=1 Fi 6= ∂Fj is the beginning of
a shelling of Fj . By the induction hypothesis it follows that (6.4) is the
beginning of a shelling of Fj ×Q2.
For 1 ≤ j ≤ r we have
(6.5)
(Q1×Gj)∩
(
s−1⋃
i=1
(Fi ×Q2) ∪
j−1⋃
i=1
(Q1 ×Gi)
)
=
s−1⋃
i=1
Fi×Gj∪
(
Q1 × (
j−1⋃
i=1
Gj ∩Gi)
)
.
Therefore it follows from the induction hypothesis that (6.5) is the begin-
ning of a shelling of Q1 ×Gj .
The intersection of Fs ×Q2 with
s−1⋃
i=1
(Fi ×Q2) ∪
r⋃
i=1
(Q1 ×Gi)
is the whole boundary of Fs ×Q2. Since by assumption there are shellings
for Fs and Q2, it follows from the induction hypothesis that it is a beginning
of a shelling for Fs ×Q2.
(3) The verification that
⋃j
i=1 Fi×Q2∪
⋃j′
i=1Q1×Gi is contractible for j ≤ s−1
and j′ ≤ r is left to the reader.

It follows from the above lemma that
∏
iΣ
ni ×
∏
i∆
ni is shellable. Now we can
prove the following lemma in the same way as Theorem 5.6 in [25].
Lemma 6.8. Let M be a locally standard torus manifold over a shellable nice
manifold with corners Q. Then M is determined up to equivariant diffeomorphism
by the characteristic function λM .
Now we can prove Theorem 6.1.
Proof of Theorem 6.1. As in the proof of Theorem 4.1, it follows that (P(M/T ), λ)
is isomorphic to (P(M ′/T ), λ′), whereM ′ is the quotient of a free linear torus action
on a product of spheres. This quotient admits an invariant metric of non-negative
curvature and is simply connected. Therefore, by Lemmas 6.3, 6.4 and 6.8, M and
M ′ are equivariantly diffeomorphic. 
7. Non-simply connected non-negatively curved torus manifolds
Now we discuss some results for non-simply connected non-negatively curved
torus manifolds.
Lemma 7.1. Let M be a 2n-dimensional torus manifold with an invariant metric
of non-negative sectional curvature. Then we have |π1(M)| = 2k for some 0 ≤ k ≤
n− 1.
Proof. We prove this lemma by induction on the dimension 2n of M . For n = 1
the only 2n-dimensional torus manifold is S2. Therefore the lemma is true in this
case.
Now assume that the lemma is true for all torus manifolds of dimension less
than 2n. Let M be a torus manifold of dimension 2n with a metric of non-negative
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curvature and F a characteristic submanifold of M . Then by Theorem 6.2 we have
a decomposition of M as a union of two disk bundles:
M = D(N) ∪E D(F ).
Moreover, F is a torus manifold of dimension 2(n−1) which admits an invariant
metric of non-negative curvature. Therefore, by the induction hypothesis, we have
|π1(F )| = 2k with 0 ≤ k ≤ n− 2.
At first assume that codimN ≥ 3. Then it follows from the exact homotopy
sequence for the fibration E → N that π1(E)→ π1(N) is an isomorphism. Hence,
it follows from Seifert–van Kampen’s theorem that π1(M) = π1(F ). So the claim
follows in this case.
Next assume that codimN = 2. Let x ∈ F be a T -fixed point. Then with an
argument similar to that in the proof of Lemma 6.3, one sees that πN (π
−1
F (x)) = {y}
is a single point. Here πN : E → N and πF : E → F denote the bundle projections.
Therefore y ∈ N is a T -fixed point. Hence, N is a characteristic submanifold of
M . Denote by λ(N) ⊂ T the circle subgroup of T which fixes N . Then we have an
exact sequence
π1(λ(N))→ π1(E)→ π1(N)→ 1.
Here the first map is induced by the inclusion of an λ(N)-orbit. Now it follows from
Seifert–van Kampen’s theorem, that π1(M) = π1(F )/〈π1(λ(N))〉. Here 〈π1(λ(N))〉
denotes the normal subgroup of π1(F ) which is generated by the image of the map
π1(λ(N)) → π1(F ) induced by the inclusion of a λ(N)-orbit. Since there are T -
fixed points in F , the λ(N)-orbits in F are null-homotopic. Therefore it follows
that π1(M) = π1(F ). Hence the claim follows in this case.
Now assume that codimN = 1. Then the map E → N is a two-fold covering.
Therefore we have an exact sequence
(7.1) 1→ π1(E)→ π1(N)→ Z2 → 1.
In particular, π1(E) is a normal subgroup of π1(N).
Since codimF = 2, we get the following exact sequence from the exact homotopy
sequence for the fibration E → F
π1(λ(F ))→ π1(E)→ π1(F )→ 1.
Therefore it follows from Seifert–van Kampen’s theorem that
π1(M) = π1(N)/〈π1(λ(F ))〉.
Here 〈π1(λ(F ))〉 denotes the normal subgroup of π1(N) which is generated by the
image of the inclusion π1(λ(F ))→ π1(E)→ π1(N).
Since π1(E) ⊂ π1(N) is normal, we have 〈π1(λ(F ))〉 ⊂ π1(E). Therefore from
(7.1) we get the following exact sequence
1→ π1(E)/〈π1(λ(F ))〉 → π1(M)→ Z2 → 1.
Since there is a surjection π1(F ) = π1(E)/π1(λ(F ))→ π1(E)/〈π1(λ(F ))〉, the claim
now follows. 
As a corollary to Lemma 7.1 we get:
Corollary 7.2. Let M be a 2n-dimensional torus manifold which admits an in-
variant metric of non-negative sectional curvature. Then the universal covering M˜
of M is a simply connected torus manifold which admits an invariant metric of
non-negative curvature. Moreover, the action of the torus on M˜ commutes with the
action of the deck transformation group.
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Proof. By Lemma 7.1, M˜ is a closed manifold. Since there are T -fixed points in
M , the principal orbits of the T -action on M are null-homotopic in M . Hence it
follows that the T -action lifts to an action on M˜ .
This action on M˜ has a fixed point and normalizes the deck transformation group
G. Since T is connected and G discrete it follows that the T - and G-actions on M˜
commute.
The metric onM lifts to an metric on M˜ which clearly has non-negative sectional
curvature and is invariant under the lifted torus action. Hence the claim follows. 
Now we can determine the isomorphism type of the fundamental group of a
non-simply connected non-negatively curved torus manifold.
Theorem 7.3. Let M be a non-negatively curved torus manifold of dimension 2n.
Then there is a 0 ≤ k ≤ n− 1, such that π1(M) = Zk2 .
Proof. By Corollary 7.2, the universal covering M˜ of M is a torus manifold. More-
over, the action of G = π1(M) on M˜ commutes with the action of the torus T on
M˜ .
Therefore it induces a G-action on P(M˜/T ). Moreover, for any g ∈ G and all
faces F of M˜/T , we have
λ(gF ) = λ(F ).
Hence, the intersection of gF and F is empty if gF 6= F .
Since P(M˜/T ) ∼= P(
∏
i<r Σ
ni ×
∏
i≥r∆
ni) and all facets of Σni and ∆ni have
non-trivial intersection if ni ≥ 2, it follows that gF = F for all facets of M˜/T
belonging to a factor of dimension at least two. Moreover, the facets which belong
to the other factors are mapped to facets that belong to the same factor.
Since G acts freely on M˜T , the G-action on P(M˜/T ) is effective. Therefore G
might be identified with a subgroup of Aut(P(M˜/T )). This subgroup is contained
in the subgroup H of Aut(P(M˜/T )) which contains all automorphisms which leave
all facets belonging to factors of dimension greater or equal to two invariant and
maps facets belonging to a factor of dimension one to facets belonging to the same
factor.
We will show that H is isomorphic to Zl+r−12 where l is the number of i ≥ r with
ni = 1. Using Lemma 7.1 one sees that this implies the theorem.
We define a homomorphism ψ : H → Zl+r−12 as follows.
At first assume that the factor Σni has dimension at least two. Then we set
ψ(h)i = 0 if and only if h leaves all components of
⋂
j Fj invariant, where the
intersection is taken over all facets Fj of M˜/T belonging to the factor Σ
ni . Note
that this intersection has two components.
Now assume that the factor Γi has dimension one. Then we set ψ(h)i = 0 if and
only if h leaves the two facets belonging to Γi invariant.
The homomorphism ψ has an obvious inverse φ : Zl+r−12 → H . It is defined as
follows. For a ∈ Zl+r−12 , φ(a) leaves all facets of M˜/T which do not belong to a
factor of dimension two invariant.
Now assume that the factor Σni has dimension at least two. Then φ(a) in-
terchanges the two components of
⋂
j Fj , where the intersection is taken over all
facets belonging to Σni , if and only if ai 6= 0. Otherwise it leaves these components
invariant.
Now assume that the factor Γi has dimension one. Then φ(a) interchanges the
two facets belonging to Γi if and only if ai 6= 0. Otherwise it leaves these facets
invariant. It is easy to check that φ(a) defined as above extends to an automorphism
of P(M˜/T ).
So we see that ψ is an isomorphism and the theorem is proved. 
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We give an example to show that the bound on the order of the fundamental
group given in the above theorem is sharp.
Example 7.4. Let M˜ =
∏n
i=1 S
2 with the torus action induced by rotating each
factor. The product metric of the standard metrics on each factor is invariant under
the action of the torus and has non-negative curvature. On each factor there is an
isometric involution ι1 given by the antipodal map.
We define an action of Zn−12 on M˜ as follows. Let e1, . . . , en−1 a generating set
of Zn−12 . Then each ei acts on the i-th factor and (i + 1)-st factor of M˜ by ι1 and
trivially on the other factors. This defines a free orientation preserving action of
Zn−12 which commutes with the torus action.
Therefore M˜/Zn−12 is a torus manifold with an invariant metric of non-negative
sectional curvature and fundamental group Zn−12 .
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